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ABSTRACT
Sequential MCMC (SMCMC) methods are a useful alternative to particle filters for performing sequential inference in
a Bayesian framework in nonlinear and non-Gaussian statespace models. The weight degeneracy phenomenon which
impacts the performance of even the most advanced particle
filters in higher dimensions is avoided. In this paper, we explore the applicability of the discrete bouncy particle sampler,
which is based on constructing a guided random walk and
performing delayed rejection, to perform more effective sampling within SMCMC. We perform numerical simulations to
examine when the proposed method offers advantages compared to state-of-the-art SMCMC techniques.
Index Terms— Markov chain Monte Carlo, Discrete
Bouncy Particle Sampler, Bayesian inference, high dimensional filtering
1. INTRODUCTION
Particle filters [1] are one of the most widely used tools for
performing Bayesian inference in a sequential setting, a crucial ingredient in many tracking and localization tasks. They
rely on sequential importance sampling, which can be very
inefficient in high dimensions as the weights of most of the
particles become negligible, because they fall into the regions
of state-space where the posterior is very low. This leads to
a poor representation and high variance [2]. Although strategies have been explored to improve performance [3–5], particle filtering in very higher dimensions remains challenging.
Another direction in solving the filtering problem in
higher dimensions is to use Markov chain Monte Carlo
(MCMC) techniques in a sequential setting. Different variants of Sequential Markov chain Monte Carlo were proposed in [6–8]. In [9], Septier and Peters provide a unifying
framework for SMCMC methods that employ composite
Metropolis-Hastings (MH) kernels. At time-step k, the j’th
iteration of these SMCMC algorithms involves a joint draw
step to sample a trajectory xjk,0:k from the approximate joint
posterior and subsequently two rounds of refinements (partial
updates to the samples) via Metropolis within Gibbs steps.
First xjk,0:k−1 is refined conditioned on xjk,k ; this is followed by refinement of xjk,k conditioned on xjk,0:k−1 . Septier
and Peters [9] compared different MCMC techniques, de-

veloped to efficiently explore high dimensional spaces (e.g.
MALA [10] and mHMC [11]), as refinement strategies for
xjk,k in the SMCMC framework.
Most MCMC algorithms are based on discrete time reversible Markov processes, where the transition kernels are
variations of Metropolis-Hastings algorithm, but recently a
novel class of non reversible piecewise deterministic MCMC
(PD-MCMC) methods have been developed where the target
distribution is explored using continuous time non-reversible
piecewise deterministic Markov processes (PD-MP) [12, 13].
Theoretical and empirical results suggest that non-reversible
Markov processes have better mixing properties and thus provide estimates of ergodic averages with lower variance [14].
Although the continuous-time methods are appealing, they
have several limitations. The algorithms require simulation
of event times (times when the continuous-time process is
updated). The simulation is challenging and problem specific; often more information about the target distribution is
required than being able to evaluate it and its gradient pointwise. For example, in order to implement the bouncy particle
sampler (BPS) [15], which is a non-reversible rejection free
MCMC method, one needs to simulate first the arrival times
of a non-homogeneous Poisson process. This requires local
upper bounds on the derivative of the log of the target distribution. In many problem settings it is difficult to derive
such bounds and evaluating them is computationally expensive. Aside from these limitations, it is not straightforward to
use such continuous time processes directly in the SMCMC
framework. The refinement procedures in SMCMC require
the use of a discrete MCMC scheme.
In recent work, [16, 17] propose several different discrete
MCMC algorithms, which can be viewed as approximations
to the continuous time PD-MCMC algorithms. These algorithms preserve the correct invariant distribution in spite of
the discretizations. Moreover these techniques do not require
event time simulation, which ensures that they have wider applicability than the continuous-time techniques. In fact, these
methods can be implemented if we can evaluate the target
and its derivative pointwise. In this paper, we propose the use
of the discrete bouncy particle sampler (DBPS) [17] as the
refinement technique within SMCMC. It was shown in [17]
that the BPS of [15] can be understood as a scaling limit of a
special case of the DBPS.
Our motivation in exploring the use of the discrete bouncy

particle sampler is to examine whether we can achieve improved performance compared to existing SMCMC algorithms that rely on Langevin or Hamiltonian-based refinement [9]. The discrete bouncy particle sampler has the potential to provide faster mixing with reduced computational cost,
meaning that in a sequential setting such as tracking, where
computation time is limited, we can generate more relevant
samples from the posterior and achieve more accurate estimates of the location of a target and improved assessments of
the uncertainty of these estimates.
The rest of the paper is organized as follows. Section 2
specifies the filtering problem we address. Section 3 reviews
the unifying framework of the SMCMC methods. The proposed refinement scheme, based on DBPS is described in
Section 4. Section 5 describes the numerical simulations and
reports the results. In Section 6 we conclude the paper and
summarize our observations.
2. PROBLEM STATEMENT
We consider the sequential inference task with the following
state-space model:
xk = gk (xk−1 , ζk ) ,
(1)
zk = hk (xk , wk ) .
d

d0

(2)

d

Here gk : R × R → R denotes the transition function of
0
the state xk ∈ Rd at time step k and ζk ∈ Rd is the proS
cess noise. The observation zk ∈ R is generated from the
0
0
measurement model hk : Rd × RS → RS and wk ∈ RS is
the measurement noise. We also assume that hk (xk , 0) is a
C 1 function, i.e., hk (xk , 0) is a differentiable function whose
first derivative is continuous. Given a set of observations
z1:k = {zi , i = 1, . . . , k} and an initial distribution p(x0 ),
our goal is to generate samples from the posterior p(x0:k |z1:k )
and the marginal posterior p(xk |z1:k ). These samples can be
used to form estimates of xk and to assess uncertainty.

Here, at time k−1, the Np samples obtained from the Markov
Nb +Np
chain are denoted by {xsk−1,0:k−1 }s=N
, whose stationary
b +1
distribution is π̆k−1 (x0:k−1 ). It is noted in [9] that π̆k →
πk , because π̂k−1 → πk−1 as Np → ∞. At time step k,
Nb + Np iterations of SMCMC are run to generate samples
Nb +Np
{xsk,0:k }s=N
from the invariant distribution π̆k (x0:k ), and
b +1
then the target is approximated as:
Nb +Np
1 X
δ(x0:k − xsk,0:k ) .
(6)
π̂k (x0:k ) =
Np
s=Nb +1

In filtering problems, we are only interested in approximating the marginal posterior distribution of xk , which is obtained from Eq. (6). In that case, we only need to store
Nb +Np
{xsk−1,k−1 }s=N
from the previous time step k − 1, instead
b +1
of the full trajectories of the samples. Different choices of the
MCMC kernels are discussed in [9]. If the target distribution
has high dimensionality or complex structure, it is very difficult to construct a Metropolis-Hastings (MH) kernel that is
well-matched to the target. This causes poor mixing and the
overall performance deteriorates. Instead [9, 18] propose the
use of composite MH kernels that combine a joint proposal
(where both xjk,0:k−1 and xjk,k are updated) with subsequent
individual state variable refinements using Metropolis within
Gibbs steps, within a single MCMC iteration. The algorithm
is summarized in Algorithm 1.
Algorithm 1: Composite MH Kernels in a unifying
framework of SMCMC [9, 18].
j−1
Input: xk,0:k
.
j
Output: xk,0:k .
1:
2:

ρ1 = min 1, q

3. SMCMC

3:

At time step k, the target distribution p(x0:k |z1:k ) is denoted
by πk (x0:k ) and can be computed pointwise up to a constant
in a recursive manner as follows :

4:

πk (x0:k ) ∝ p(xk |xk−1 )p(zk |xk )πk−1 (x0:k−1 ) .

(3)

As πk−1 (x0:k−1 ) is not analytically tractable, it is impossible
to sample from it in a general nonlinear state-space model. In
all SMCMC methods, that distribution is replaced by its empirical approximation in (3), which leads to an approximation
of the target distribution as follows:
π̆(x0:k ) ∝ p(xk |xk−1 )p(zk |xk )π̂k−1 (x0:k−1 ) ;

X
s=Nb +1

δ(x0:k−1 −

π̆k (xj−1
k,0:k )

;

Accept
= x∗k,0:k with probability ρ1 , otherwise
j
j−1
set xk,0:k = xk,0:k ;
Individual refinement of xjk,0:k−1 :

j
π̆k (x∗
k,0:k−1 ,xk,k )

j
∗
k,2 (xk,0:k−1 |xk,0:k )

6:

7:
8:

j

qk,2 (xjk,0:k−1 |x∗
k,0:k−1 ,xk,k )

π̆k (xjk,0:k )

;

Accept xjk,0:k−1 = x∗k,0:k−1 with probability ρ2 ;
Individual refinement of xjk,k :
Propose x∗k,k ∼ qk,3 (xk |xjk,0:k );
Compute the MH acceptance probability
ρ3 = min 1,

9:

xsk−1,0:k−1 ) .

∗

qk,1 (xj−1
k,0:k |xk,0:k )

xjk,0:k

min 1, q

(4)

Nb +Np

π̆k (x∗
k,0:k )
j−1
∗
k,1 (xk,0:k |xk,0:k )

Propose x∗k,0:k−1 ∼ qk,2 (x0:k−1 |xjk,0:k );
5: Compute the MH acceptance probability ρ2 =

where,
1
π̂k−1 (x0:k−1 ) =
Np

Joint draw:
j−1
Propose x∗k,0:k ∼ qk,1 (x0:k |xk,0:k
);
Compute the MH acceptance probability

Accept

xjk,k

j
j
∗

π̆k (xjk,0:k−1 ,x∗
k,k ) qk,3 (xk,k |xk,0:k−1 ,xk,k )

j
qk,3 (x∗
π̆k (xjk,0:k )
k,k |xk,0:k )
= x∗k,k with probability ρ3 ;

;

(5)
In this paper, we use invertible particle flow [19] to con-

struct a composite MH kernel for the joint draw in SMCMC,
as proposed in [20]. This was shown to lead to a higher acceptance rate in the joint draw step compared to employing
an independent MH kernel based on the prior as the proposal,
as used in the numerical experiments with the SmHMC algorithm in [9]. Both the localized exact Daum and Huang
(LEDH) [21] flow and the exact Daum and Huang (EDH) [22]
flow can be used to construct the kernel. We use EDH because
the computational requirements are much less. For individual
refinement of xjk,0:k−1 , we use qk,2 = π̂k−1 .
4. INDIVIDUAL REFINEMENT BASED ON
DISCRETE BOUNCY PARTICLE SAMPLER
In this section, we introduce a novel individual refinement
scheme for xk (lines 7 and 8 of Algorithm 1) based on the
discrete bouncy particle sampler (DBPS) [17]. The refinement of xk consists of a Metropolis within Gibbs step to sample a new value of xjk,k ∼ π̆(xjk,0:k−1 , xk ), based on a local
proposal. We propose to use the DBPS algorithm to accomplish this. The DBPS scheme is run for Nthinning iterations,

without affecting the desirable theoretical properties of the
DBPS.
Algorithm 2: Individual refinement according to DBPS
[17].
(0)
Input: xk , Nthinning .
(N
thinning )
Output: xk
.
1: Define the target distribution :
φ(xk ) = π̆(xjk,0:k−1 , xk ) ∝ p(xk |xjk,k−1 )p(zk |xk );
2: Compute Γ ≈ −Ezk |xk [∇2 ln φ(xk )]|x =x(0) ;
k
k
3: Compute the preconditioning matrix, M , from the
Cholesky decomposition of Γ, i.e., Γ = M T M ;

Sample initial orientation v∗ from the uniform
distribution on the unit d dimensional hypersphere;

5:
6:

Apply preconditioning : v (0) = M −1 v∗ ;
for i = 1 to Nthinning do

7:
8:

(0)

initialized at xk = xjk,k , and the output of the Markov chain
(N
thinning )
xk
is taken to be the refined xjk,k . Pseudocode is
provided in Algorithm 2.
The algorithm is based upon a guided random walk and
a delayed rejection procedure [23]. For simplicity, let us assume that the preconditioning matrix, M is the identity matrix
for now. We will explain its role below.
Once converged, each iteration of DBPS samples form
a extended joint distribution of (xk , v) in a 2d dimensional
space, which admits φ(xk ) as its xk marginal. The orientation v is an auxiliary variable used to explore the space by
local moves. Its marginal is spherically symmetric.
At the beginning of i’th iteration of the DBPS, a move
(i−1) (i−1)
(i−1)
from the current state (xk
,v
) to (xk
+ v (i−1) ,
(i−1)
−v
) is proposed and accepted with the MH acceptance
probability. This move is thus reversible with respect to the
extended target. Irrespective of the acceptance or rejection
of the move, a flip move in orientation v always follows.
The net result of two reversible moves is a non-reversible
Markov chain which keeps moving in the same direction, un(i−1)
til a rejection happens at line 7 in algorithm 2. If (xk
+
(i−1)
(i−1)
v
, −v
) is rejected, the gradient at the rejected point
(i−1) (i−1)
is calculated and a reflection of (xk
,v
) in the tangent
hyperplane perpendicular to the gradient is proposed. The acceptance probability of this proposal is set in such a way that
the detailed balance is preserved with respect to the extended
target, following the delayed rejection approach.
The preconditioning helps the procedure to explore the
space in a more efficient way if the target has significantly
different scales across its various dimensions. When we multiply by M −1 , we adjust for these differences. This eliminates
the need to find a suitable step-size to propose the local move,

(0)

4:

(0)

0(i)

(i−1)

Propose, (xk , v 0(i) ) = (xk

+ v (i−1) , −v (i−1) );

(i)
0(i)
Accept the proposal (xk , v (i) ) ← (xk , v 0(i) ) with
0(i)
φ(xk ) 
(i−1)
0(i)
probability, α(xk
, xk ) = min 1,
,
(i−1)
φ(x
)
k

and go to step 11;
9:

00(i)

Propose, (xk , v 00(i) ) where
v 00(i) = −v (i−1) + 2
w0 (i) = ∇ ln φ(xk )|x
00(i)
xk

10:

=

(i−1)
xk

0(i)
k =k

and

+ v (i−1) − v 00(i) ;
00(i)

(i)

Accept the proposal (xk , v (i) ) ← (xk , v 00(i) )
(i−1)
0(i)
00(i)
with probability, α(xk
, xk , xk ) =
00(i) 
00(i) 0(i)
(1−α(xk ,xk )) φ(xk )
, otherwise
min 1,
(i−1) 0(i)
(i−1)
(1−α(xk

(i)

,xk )) φ(xk
)
(i−1) (i−1)

set (xk , v (i) ) = (xk
11:
12:

hv (i−1) , w0 (i)i 0
Γw (i) ,
w0 (i)T Γw0 (i)

Update
end for

(i)
(xk , v (i) )

←

,v

);

(i)
(xk , −v (i) );

5. NUMERICAL EXPERIMENTS AND RESULTS
The SmHMC (SMCMC with manifold Hamiltonian Monte
Carlo kernel) algorithm achieves the lowest average MSE
among a variety of SMCMC algorithms in the large sensor field simulation setup used in [9]. Thus, we would like
to compare the proposed SDBPS+EDH with SmHMC and
SmHMC+EDH in the same simulation example. The setup
has d sensors √
uniformly deployed√ on a two-dimensional
grid {1, 2, . . . , d} × {1, 2, . . . , d}. The observation
zk = [zk1 , zk2 , . . . , zkd ] contains noisy measurements conditioned on the state vector xk = [x1k , x2k , . . . , xdk ]. The state
transition density follows a multivariate generalized hyperbolic skewed-t distribution:

T

e(xk −αxk−1 )

Σ−1 γ

p(xk |xk−1 ) = p
− ν+d
ν+d
k)
2
(ν + Q(xk ))(γ T Σ−1 γ) 2 (1 + Q(x
ν )
q
× K ν+d ( (ν + Q(xk ))(γ T Σ−1 γ))
(7)
2

where γ and ν determine the shape of the distribution, K ν+d
2
is the modified Bessel function of the second kind of order
ν+d
T −1
(xk − αxk−1 ). The
2 , and Q(xk ) = (xk − αxk−1 ) Σ
(i, j)-th entry of the dispersion matrix Σ is:
Σi,j = α0 e−

||Ri −Rj ||2
2
β

+ α1 δi,j

(8)

where || · ||2 is the L2-norm, Ri is the physical location of the
i-th sensor, and δi,j is the Kronecker symbol. The covariance
is given as :
ν2
ν
Σ+
γγ T .
(9)
Σ̃ =
ν
ν−2
2
(2ν − 8)( − 1)
2

Table 1. Average MSE, acceptance rates (if applicable) and
execution time per step based on 100 simulation trials. Results are produced with an Intel i7-4770K 3.50GHz CPU and
32GB RAM.
Algorithm

(0)

Γ = Σ̃−1 + Λ(xk ) ,

Exec.
time (s)

1.3
SmHMC
SDBPS

1.2

SmHMC+EDH
SDBPS+EDH

1.1

Avg. MSE

where P(·; Λ) is the Poisson distribution with mean Λ. Parameter values are set according to [9]: α = 0.9, α0 =
3, α1 = 0.01, β = 20, ν = 7. All elements of the skewness parameter vector γ are set to 0.3. True states start with
xc0 = 0, for c = 1, . . . , d. For the measurement model,
m1 = 1 and m2 = 13 . We set d = 144. The experiment is
executed 100 times for 10 time steps. We approximate the Γ
matrix required in line 2 in algorithm (2) as follows :

Acceptance rate

ρ1
ρ2
ρ3
0.81 0.0007 0.003 0.72 78.93
0.99 0.02 0.0001 0.91 57.82
0.72 0.0357 0.002 0.69 81.72
0.71 0.02 0.0001 0.91 70.58
0.69
0.040
0.80
6.07
1.39
5.32

SmHMC
1000
SDBPS
35000
SmHMC + EDH 1000
SDBPS + EDH 35000
EDH
200
PF-PF (EDH)
105
BPF
106

The measurements are count data which are distributed according to:
d
Y
c
P(zkc ; m1 em2 xk ) ,
p(zk |xk ) =
(10)
c=1

No. of Avg.
Particles MSE

1

0.9

0.8

0.7
10

20

30

40

50

60 70 80 90

Exec. time (Sec)

(11)

where Λ(xk ) is a d × d diagonal matrix with Λ(xk )(c,c) =
c
m1 m22 em2 xk .
We report mean square error obtained at each sensor location, acceptance rates (if applicable) and execution time per
step in Table 1. We observe that the proposed SDBPS+EDH
algorithm performs slightly better than SmHMC+EDH. Both
SmHMC and SDBPS algorithms exhibit considerably lower
MSE if particle flow is incorporated in the joint draw. The
EDH filter achieves the smallest MSE and is computationally very fast, but it is not a statistically consistent algorithm,
because of the approximations in the flow and modelling mismatch. The PF-PF (EDH) [19] algorithm performs reasonably
whereas the BPF has the highest MSE because of weight degeneracy. As the computational burden for various SMCMC
methods are quite different form one another, we evaluate the
SMCMC methods while varying the number of particles to
understand the tradeoff between accuracy and execution time.
Figure 1 shows the variation of MSE with execution time for
the SMCMC methods considered here. For comparable computational cost, the SMCMC algorithms employing the DBPS
can generate many more samples than those employing HMC.

Fig. 1. MSE (averaged over 100 trials) vs Exec. time of various SMCMC algorithms, Exec. time is shown in log scale.
6. CONCLUSION
In this paper, we explore the use of the discrete bouncy particle sampler as a refinement strategy within the SMCMC
framework. We use an independent Metropolis-Hastings kernel based on invertible particle flow in the joint draw step.
We observe that for a similar computation time the proposed
algorithm can generate many more samples than SMCMC algorithms employing (manifold) Hamiltonian Monte Carlo for
refinement. Although many more samples are provided, this
translates to only a small improvement in the accuracy of the
state estimates.
Future research will involve more thorough experimentation with other state-space models and exploration of other
PD-MCMC schemes in SMCMC. The promising performance of the discrete bouncy particle sampler suggests that
there is value in exploring other discrete sampling algorithms
that can better exploit the structure of the target distribution.
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[15] A. Bouchard-Côté, S. J. Vollmer, and A. Doucet, “The
bouncy particle sampler: A non-reversible rejection-free
Markov chain Monte Carlo method,” ArXiv e-prints
arXiv:1510.02451v6, Oct. 2015.
[16] P. Vanetti, A. Bouchard-Côté, G. Deligiannidis, and
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